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Abstract
Let G be a connected reductive algebraic group defined over a finite field Fq . In [F. Digne,
G.I. Lehrer, J. Michel, On Gel’fand–Graev characters of reductive groups with disconnected cen-
tre, J. Reine Angew. Math. 491 (1997) 131–147], it is proved that the Deligne–Lusztig restriction
of a Gelfand–Graev character of the finite group G(Fq) is still a Gelfand–Graev character. How-
ever, an ambiguity remains on the Gelfand–Graev character obtained. In this paper, we describe the
Deligne–Lusztig restrictions of the Gelfand–Graev characters of the finite group G(Fq) using the
theory of Kostant–Slodowy transversal slices for the nilpotent orbits of the Lie algebra of G.
 2005 Elsevier Inc. All rights reserved.
Introduction
Let G be a connected reductive algebraic group over an algebraic closure k of the finite
field Fq with q a power of a prime p, and let F :G → G denote the Frobenius endomor-
phism corresponding to some Fq -structure on G. We denote by GF the finite group of
the elements of G which are fixed by F . Assume first that p is good for G and that q is
large enough. A result of Digne, Lehrer and Michel [8, 3.7] asserts that for any F -stable
Levi subgroup L of G, the Deligne–Lusztig restriction to LF of a Gelfand–Graev char-
acter of GF is (up to a sign) a Gelfand–Graev character of LF , defining thus a map from
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their result does not say explicitly which Gelfand–Graev character is obtained, so does not
allow one to compute the defined map. Later on, Bonnafé has constructed explicitly by
other means a map Regu(GF ) → Regu(LF ) and has shown that it coincides with Digne–
Lehrer–Michel’s map [2,3]. In this paper, we describe this map in terms of the theory of
Kostant–Slodowy transversal slices [11,20] when p > 3(hG0 − 1), hG0 being the Coxeter
number of G.
Let G be the Lie algebra of G and let Ad :G → GL(G) be the adjoint action. Then
Ad and G are both defined over Fq , and we denote again by F :G → G the corresponding
Frobenius endomorphism on G. Let  = p be a prime and let C(GF ) be the Q-vector space
of functions GF → Q which are invariant under the adjoint action of GF on GF . In [14],
the author has defined a Deligne–Lusztig induction
RGL :C
(LF )→ C(GF )
for any F -stable Levi subalgebra L of G as well as a Deligne–Lusztig restriction
∗RGL :C
(GF )→ C(LF ).
The two maps are adjoint with respect to the non-degenerate bilinear form on C(GF )
defined in 1.4. The definitions of RGL and ∗RGL make the use of a G-equivariant homeo-
morphism ω :Gnil → Guni from the variety Gnil of nilpotent elements of G onto the variety
Guni of unipotent elements of G. The independence of RGL and ∗RGL from ω is proved
in [15] under some restriction on p and q . Using the results of [15, Section 5], we can
adapt the proof of Digne–Lehrer–Michel’s theorem to the Lie algebra case from which we
get a map from the set Regn(GF ) of the regular nilpotent orbits of GF onto Regn(LF ) for
any F -stable Levi subalgebra L of G. Now assume that p > 3(hG0 − 1) so that the expo-
nential map exp :Gnil → Guni exists and put ω = exp. Then the Digne–Lehrer–Michel’s
maps Regn(GF ) → Regn(LF ) and Regu(GF ) → Regu(LF ) coincide via ω. Using the the-
ory of Kostant–Slodowy transversal slices on Lie algebras, we construct by other means a
map Regn(GF ) → Regn(LF ) for any F -stable Levi subalgebra L of G, and we prove that
Digne–Lehrer–Michel’s map Regn(GF ) → Regn(LF ) coincides with Kostant–Slodowy’s
map Regn(GF ) → Regn(LF ).
If we compare with Bonnafé’s construction, our construction seems to be more elemen-
tary, but this is not really the case. Indeed, we use the commutation formula of Fourier
transforms with Deligne–Lusztig induction [15, Section 6], whose proof is far to be ele-
mentary since it is a generalization of Kazhdan–Springer’s work [10,22, 3.15].
The paper is organized as follows. In Section 1, we recall briefly the theory of regular
nilpotent orbits of GF , the construction of the exponential map as well as the Baker–
Campbell–Hausdorff theorem, and finally we expound the results of [15] which will be
used in Section 2. Since the author was not able to find a proof in the literature of the
Baker–Campbell–Hausdorff theorem in characteristic p, we give it here. In Section 2, we
prove the main result of the paper.
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1.1. Generalities
Throughout this paper, the letter G denotes a connected reductive algebraic group over
an algebraic closure k of the finite field Fq of q elements with q a power of a prime p. We
assume that G is defined over Fq and we denote by F :G → G the corresponding Frobe-
nius endomorphism. Then the Lie algebra G of G and the adjoint action Ad :G → GL(G)
are both defined over Fq , and by abuse of notation, we still denote by F the corresponding
Frobenius endomorphism G → G. The Lie product on G is denoted by [ , ], and if x ∈ G,
we denote respectively by xs and xn the semi-simple part of x and the nilpotent part of x.
We then have x = xs + xn with [xs, xn] = 0. Let x ∈ G and let H be a subgroup of G,
we denote by CK(x) the centralizer of x in K with respect to the adjoint action, and we
denote by OKx the Ad(K)-orbit of x. If H is a Lie subalgebra of G, we denote by CH(x)
the centralizer of x in H, i.e., CH(x) = {y ∈H | [x, y] = 0}. If H is an algebraic group,
we denote by H ◦ its connected component. We denote respectively by ZG the center of
G and by z(G) the center of G. The letter B denotes a Borel subgroup of G, the letter T
a maximal torus of B and U the unipotent radical of B . We denote by B, T and U their
respective Lie algebras. We denote by Φ the root system of G with respect to T and by
Φ+ the positive roots of Φ with respect to B . The basis of Φ with respect to B is denoted
by Π . We have a decomposition G = T ⊕⊕α∈Φ Gα where Gα is the one-dimensional
space {x ∈ G | ∀t ∈ T ,Ad(t)x = α(t)x}. We put
U∗ =
∑
α∈Φ+−Π
Gα.
Finally, if L is a Levi subgroup of a parabolic subgroup of G, we will also say (by abuse
of language) that L is a Levi subgroup of G.
We assume throughout the paper that p > 3(hG0 − 1) where hG0 is the Coxeter number
of G. In particular, the prime p is very good for G and so we have:
Proposition 1.1.1.
(i) For any x ∈ G we have Lie(CG(x)) = CG(x), i.e., the map π :G →OGx , g → Ad(g)x,
is separable, i.e., the differential dπ : G → Tx(OGx ) of π at 1 is surjective.
(ii) For any semi-simple element x of G, the group CG(x) is connected and is a Levi
subgroup of G.
(iii) If L is a Levi subgroup of G and L = Lie(L), then there exists x ∈ z(L) such that
CG(x) = L.
By [16, 1.14] there exists an integer q0 > 1 depending only on the Dynkin diagram of G
such that if q > q0, then a comparison formula between the “generalized Green functions”
and the “two-variable Green functions” holds. Our main Theorem 2.2.6 will require that
q > q0.
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We say that x ∈ G is regular if dimCG(x) is equal to dimT . Recall that x ∈ G is regular
if and only if xn is regular in CG(xs). The following result is the Lie algebra version of a
result of Steinberg [24]:
Theorem 1.2.1. Regular nilpotent elements of G exist and form a singular Ad(G)-orbit.
Let x ∈ G be nilpotent, then the followings are equivalent:
(i) x is regular.
(ii) There are only a finite number of Borel subgroups of G whose Lie algebra contains x.
(iii) There is only one Borel subgroup B of G such that x ∈ B.
(iv) There exists a Borel subgroup B of G such that x ∈ B, and a maximal torus T of B
such that in the decomposition x =∑α∈Φ+ xα with xα ∈ Gα , none of the xα for α ∈ Π
is equal to zero.
(v) The property (iv) is true for any Borel subgroup B of G such that x ∈ B and any
maximal torus T of B .
Let x ∈ G be regular nilpotent and let B be the unique Borel subgroup of G such that
x ∈ B, then CG(x) = ZG.CU(x) and CU(x) is connected [23, III, 3.7]. We will need the
following result:
Lemma 1.2.2. Let v ∈ U be regular and let v1 be the image of v by the map∑α∈Φ+ Gα →∑
α∈Π Gα given by the natural projection. Then v1 is regular and is Ad(U)-conjugate to v.
Moreover, if B , T , v are F -stable, then v1 is Ad(UF )-conjugate to v.
Proof. The element v1 is regular by 1.2.1(iv). From the Chevalley formulas [15, 2.2], we
get that
OUv1 ⊂ v1 + U∗.
From [5, Proposition 4.10], the orbit OUv1 is a closed subvariety of v1 + U∗. On the other
hand, since Lie(CU(v1)) = CU (v1), i.e., the differential dπ at 1 of π :U → OUv1 , u →
Ad(u)v1, is surjective, we have
dimOUv1 = dimU − dim Ker(dπ) = dimU − dimCG(v1).
But v1 is regular, thus dimCG(v1) = |Π | and so dimOUv1 = dim(v1 + U∗). We thus have
OUv1 = v1 + U∗,
hence v ∈OUv1 . If B,T , v are all F -stable, then v and v1 are Ad(UF )-conjugate since they
are Ad(U)-conjugate and CU(v) is connected. 
E. Letellier / Journal of Algebra 294 (2005) 239–254 2431.2.3. If H is a group with a morphism θ : H → H , then we denote by H 1(θ,H) the
set of θ -conjugacy classes of H . Recall that g,h ∈ H are said to be θ -conjugate if there
exists z ∈ H such that g = zhθ(z)−1. If x ∈ GF is regular nilpotent, then CG(x)/C◦G(x) 

ZG/Z
◦
G and so H 1(F,ZG) 
 H 1(F,ZG/Z◦G) parametrizes the Ad(GF )-regular nilpotent
orbits of GF as follows. Let y ∈ GF be regular nilpotent and let h ∈ G be such that y =
Ad(h)x. Then to the Ad(GF )-orbit of y we associate the F -conjugacy class of the image of
h−1F(h) in ZG/Z◦G. Similarly, the set H 1(F,ZG) parametrizes also the regular unipotent
conjugacy classes of GF .
Notation 1.2.4. We denote by Regn(GF ) the set of regular nilpotent Ad(GF )-orbits of GF
and by Regu(GF ) the set of regular unipotent conjugacy classes of GF .
1.3. The exponential map
Let Gnil be the variety of nilpotent elements of G and let Guni be the variety of unipotent
elements of G. In this section we recall the definition of the exponential map exp :Gnil →
Guni. We also prove the corresponding Baker–Campbell–Hausdorff theorem from the zero
characteristic case by reduction modulo p.
We denote by ad :G → End(G) the differential of Ad. We have ad(x)(y) = [x, y] for
any x, y ∈ G. Recall [6, 5.5.2] that if e ∈ Gnil, then (ad(e))2hG0 −2 = 0.
We first assume that G is simple adjoint. Let f ∈ End(G), define exp′(f ) ∈ End(G) by
exp′(f ) = 1 + f + 1
2!f
2 + · · · + 1
(2hG0 − 2)!
f 2h
G
0 −1.
Let e ∈ Gnil. By [6, 5.5.5(iv)], the endomorphism exp′(ad(e)) is a Lie algebra automor-
phism with inverse exp′(ad(−e)). The proof of this fact requires that p > 3(hG0 − 1).
Moreover, we can easily verify that
(
exp′
(
ad(e)
)− 1)2hG0 −1 = 0,
i.e., exp′(ad(e)) is a unipotent element of GL(G). Hence we have a well-defined morphism
exp′ ◦ ad : Gnil → (Aut(G)◦)uni where Aut(G) denotes the group of Lie algebra automor-
phisms of G. Since G is adjoint, the morphism Ad :G → GL(G) induces an isomorphism
G 
 Aut(G)◦, and so we have a well-defined morphism expG :Gnil → Guni defined by
exp = Ad−1 ◦ exp′ ◦ ad. We now prove that this is an isomorphism. Let f ∈ GL(G), then
we define log′(f ) ∈ End(G) by
log′(f ) = (f − 1)− 1
2
(f − 1)2 + · · · + (−1)(2hG0 −2)−1 1
2hG0 − 2
(f − 1)2hG0 −2.
The map log′ ◦Ad :Guni → End(G) is a morphism of varieties. A straightforward com-
putation shows that log′ ◦ exp′(ad(e)) = ad(e) from which we see that expG is injective.
From [1], any injective morphism of varieties X → X is surjective, and from [21], the va-
rieties Gnil and Guni are isomorphic, hence expG is surjective. Thus the image of log′ ◦Ad :
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Guni → Gnil is the inverse morphism of expG.
We now extend the above definition to the case where G is reductive and not neces-
sarily simple adjoint. First note that the Coxeter number of a closed connected reductive
subgroup of G is smaller than hG0 . Assume that G is semi-simple adjoint and write
G = G1 . . .Gn where G1, . . . ,Gn are the minimal non-trivial connected, closed, normal
subgroups of G. The Gi are simple adjoint and the unipotent variety Guni is isomorphic
to (G1)uni × · · · × (Gn)uni. We then extend the definition of the exponential map to the
semi-simple adjoint case in the obvious way. If G is semi-simple but not necessarily ad-
joint, let Gad denote the semi-simple adjoint group corresponding to G. Then the canonical
central isogeny π :G → Gad induces an isomorphism πu :Guni → (Gad)uni and its differ-
ential dπ :G → Gad is an isomorphism. Define expG = π−1u ◦ expGad ◦dπn where dπn is
the restriction of dπ to Gnil. Finally, if G is reductive not necessarily semi-simple, then
define
expG = π−1u ◦ expG/Z◦G ◦dπn
where πu is the restriction to Guni of the canonical projection π :G → G/Z◦G and dπn
is the restriction to Gnil of the differential of π at 1. The following proposition follows
easily from the definition of expG except the assertion (iv) which is a particular case of [4,
Proposition 6.1]:
Proposition 1.3.1. The isomorphism expG :Gnil → Guni is G-equivariant (i.e., ∀x ∈ Gnil,
∀g ∈ G, expG(Ad(g)x) = g expG(x)g−1). Moreover:
(i) For any x ∈ Gnil, expG(−x) = expG(x)−1.
(ii) For any root α ∈ Φ , expG(Gα) = Uα where Uα denotes the unique one-dimensional
closed connected unipotent subgroup of G normalized by T such that Lie(Uα) = Gα .
(iii) For any Levi subgroup L of G with Lie algebra L, we have expG|Lnil = expL.
(iv) Let P be a parabolic subgroup of G. If P = LUP is a Levi decomposition of P with
corresponding Lie algebra decomposition P = L⊕ UP , we have: expG(x + UP ) =
expG(x)UP for any x ∈ Lnil.
The Baker–Campbell–Hausdorff theorem
Let x and y be two elements of U and let X = {x, y}. We denote by LX the Lie subalge-
bra of U generated by X. We denote by L1X the k-vector subspace of U generated by X and
we define by induction on n ∈ N∗ the k-subspace Ln+1X of U by putting Ln+1X = [L1X,LnX].
We thus have LX =∑i LiX; note that this sum is clearly finite since the Lie algebra LX ⊂ U
is nilpotent.
Theorem 1.3.2. There exists t ∈ LX such that expG(t) = expG(x) expG(y). Moreover t is
of the form t = x + y + t ′ with t ′ ∈∑ Li .i2 X
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that G is simple adjoint and we write exp instead of expG. We identify G with Ad(G) and
G with ad(G); we have U ⊂ End(G).
If R is a ring with a unit, we denote by AssX(R) the free associative algebra on X and by
AssnX(R) the R-submodule of AssX(R) consisting of homogeneous elements of degree n;
we have
AssX(R) =
⊕
n0
AssnX(R).
If d  1, we denote by AssdX (R) the ideal of AssX(R) formed by those f = (fn)n∈N for
which f0 = f1 = · · · = fd−1 = 0. We denote by LX(R) the Lie subalgebra of AssX(R)
generated by X; it is called the free Lie R-algebra on X. The completion ÂssX(R) of
AssX(R) is defined as the infinite product
∏∞
n=0 AssnX(R), and L̂X(R) is defined as the Lie
R-subalgebra of the associative algebra ÂssX(R) formed by those f = (fn)n1 for which
fn ∈ LnX(R).
Let Q denotes the field of rational numbers, let MX(Q) be the ideal of AssX(Q) gener-
ated by X and put M̂X(Q) =∏∞n=1 AssnX(Q). Define
e : M̂X(Q) → 1 + M̂X(Q)
by the formula:
e(t) =
∞∑
n=0
tn
n! .
If s ∈ N∗, the truncation es : MX(Q) → 1 + MX(Q) of e at the order s is defined by the
formula:
es(t) =
s−1∑
n=0
tn
n! .
We now prove the theorem. From the Baker–Campbell–Hausdorff theorem [19, I, IV,
7.4], there exists z = (zn)n1 ∈ L̂X(Q) such that e(z) = e(x)e(y) and z1 = x + y. Put
d = 2hG0 − 1 and z˜ =
∑d−1
n=1 zn. Then we have
ed(x)ed(y) ≡ ed(z˜) mod
(
AssdX (Q)
)
. (1)
Let Z(p) be the ring of the rational numbers with denominator prime to p. Then we can
regard AssX(Z(p)) as a subring of AssX(Q) and since p > d , we have ed(x)ed(y) ∈
AssX(Z(p)). Moreover, from the Baker–Campbell–Hausdorff formula [19, I, IV, 8], we
verify that z˜ ∈ AssX(Z(p)). As a consequence, it follows from (1) that
ed(x)ed(y) ≡ ed(z˜) mod
(
Assd(Z(p))
)
. (2)X
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generated by X; we have AX = k ⊕ MX . Moreover, from the proof of [6, 5.5.2], we have
M
(d)
X = {0}. It follows that the natural homomorphism of Z(p)-algebras AssX(Z(p)) → AX
factors through an homomorphism of Z(p)-algebras f : AssX(Z(p))/AssdX (Z(p)) → AX ;
note that k = Fq has a natural structure of Z(p)-algebra via the composition Z(p) →
Fp ↪→ k. Taking the image of (2) by f , we get that exp(x) exp(y) = exp(t) with t =
f (z˜+AssdX (Z(p))). It remains to see that t ∈ LX , i.e., we have to show that z˜ ∈ LX(Z(p)).
But we already know that z˜ ∈ LX(Q) ∩ AssX(Z(p)), hence the theorem follows from the
following fact:
Fact 1.3.3. Let R be a commutative ring (with a unit) and let r be a subring of R. Then
AssX(r) ∩ LX(R) = LX(r).
Proof. Clearly we have an inclusion LX(r) ⊂ AssX(r) ∩ LX(R). We put LX(r) =
LZ(Z) ⊗Z r and LX(R) = LX(Z) ⊗Z R. The Lie algebra LX(Z) is a free Z-module; let
(ei)i∈I be a Z-basis of LX(Z). Hence the set (ei ⊗ 1)i∈I provides an r-basis for LX(r)
and an R-basis for LX(R). We choose a total order on I ; from the Poincarré–Birkhoff–
Witt theorem (see for example [19, p. 14, 4.3]), the family of monomials e′i1 . . . e′im with
e′i = ei ⊗ 1 and i1  · · · im provides an r-basis for AssX(r). 
1.4. Deligne–Lusztig induction and Fourier transforms
Let  be a prime = p. We denote by C(GF ) the Q-vector space of functions f :GF →
Q such that f (Ad(g)x) = f (x) for any g ∈ GF and x ∈ GF .
For a variety X over F, we denote by Hic (X,Q) the ith -adic cohomology group with
compact support as in [7].
Let L be an F -stable Levi subgroup of G, let P = LUP be a Levi decomposition of a
(possibly non-F -stable) parabolic subgroup P of G and let P = L⊕UP be the correspond-
ing Lie algebra decomposition. We denote by LG the Lang map G → G,x → x−1F(x).
The variety L−1G (UP ) is endowed with an action of GF by multiplication on the left and
with an action of LF by multiplication on the right. These actions induce actions on the
cohomology and so make Hic (L−1G (UP ),Q) into a GF -module-LF . The virtual Q-vector
space H ∗c (L−1G (UP )) :=
∑
i (−1)iH ic (L−1G (UP ),Q) is thus a virtual GF -module-LF .
We define the two-variable Green function QGL⊂P :GFnil ×LFnil → Q by
QGL⊂P (u, v) =
∣∣LF ∣∣−1Trace((expG(u), expL(v)−1) | H ∗c (L−1G (UP )
))
.
We “extend” this function to a function SGL⊂P :GF × LF → Q as follows: For (x, y) ∈
GF ×LF , define
SGL⊂P (x, y) =
∑
{h∈GF |Ad(h)ys=xs }
∣∣C◦L(ys)F
∣∣∣∣C◦G(ys)F
∣∣−1QCG(ys )CL(ys )
(
Ad
(
h−1
)
xn, yn
)
.
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(ii) The function SGL⊂P is the Lie algebra analogue of the function GF × LF → Q
given by (g, l) → Trace((g, l)|H ∗c (L−1G (UP ))) as can be seen from [9, 12.3].
Definition 1.4.2. (i) The Deligne–Lusztig induction RGL⊂P :C(LF ) → C(GF ) is defined
by:
RGL⊂P (f )(x) =
∣∣LF ∣∣−1 ∑
y∈LF
SGL⊂P (x, y)f (y) for f ∈ C
(LF ) and x ∈ GF .
(ii) The Deligne–Lusztig restriction ∗RGL⊂P :C(GF ) → C(LF ) is defined by:
∗RGL⊂P (f )(y) =
∣∣GF ∣∣−1 ∑
x∈GF
SGL⊂P (x, y)f (x) for f ∈ C
(GF ) and y ∈ LF .
Notation 1.4.3. We will writeRGL instead ofRGL⊂P since the choice of P will be irrelevant
in what follows.
Consider the non-degenerate bilinear form ( , )GF on C(GF ) defined by:
(f, g)GF =
∣∣GF ∣∣−1 ∑
x∈GF
f (x)g(x)
where Q → Q, x → x, is an automorphism such that ζ = ζ−1 if ζ ∈ Q is a root of unity.
Then [14], the maps ∗RGL and RGL are adjoint with respect to the forms ( , )GF and ( , )LF .
Let µ :G × G → k be a non-degenerate, Ad(G)-invariant, symmetric bilinear form
defined over Fq , and let Ψ :Fq → Q× be a non-trivial additive character. The Fourier
transform FG :C(GF ) → C(GF ) with respect to (µ,Ψ ) is defined by:
FG(f )(x) = ∣∣GF ∣∣− 12 ∑
y∈GF
Ψ
(
µ(x, y)
)
f (y)
for any f ∈ C(GF ) and x ∈ GF . If L is an F -stable Levi subgroup of G with Lie al-
gebra L, then we denote by FL :C(LF ) → C(LF ) the Fourier transform with respect to
(µ|L×L,Ψ ). Note that µL×L remains non-degenerate [12, proof of 4.3]. The Fourier trans-
form satisfies the following properties [12]:
Proposition 1.4.4. We have:
(i) For any f,g ∈ C(GF ), (f, g)GF = (FG(f ),FG(g))GF .
(ii) (FG)4 = IdC(GF ).
We have the following theorem:
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algebra L. Let x ∈ LF be a regular element. Then
FG ◦RGL
(
ξLx
)= GLRGL ◦FL
(
ξLx
)
where G = (−1)Fq−rank(G), and where ξLx is the characteristic function of OLFx , i.e.,
ξLx (y) = 1 if y ∈OLFx and ξLx (y) = 0 otherwise.
Proof. Follows from [15, 7.1.5, 7.2.1(c)]. 
Remark 1.4.6. The commutation formula of 1.4.5 is already known in the case where L is
a maximal torus of G (see [10], [22, 3.15]). In the case where L is the Levi subgroup of an
F -stable parabolic subgroup of G, this is a particular case of [12, 4.5(ii)].
2. Deligne–Lusztig restriction of Gelfand–Graev characters
2.1. Gelfand–Graev characters and Digne–Lehrer–Michel’s map
We assume that B and T are F -stable. We fix a regular element x1 ∈ UF . By setting
that 1 ∈ H 1(F,ZG) corresponds to the Ad(GF )-orbit of x1, we have a well-defined para-
metrization of Regn(GF ) by H 1(F,ZG) as explained in 1.2.3. For each z ∈ H 1(F,ZG),
we choose an element xz ∈ UF in the regular nilpotent Ad(GF )-orbit of GF corresponding
to z. We put U− =∑α∈Φ+ G−α . Then we have U− = Ad(w˙0)U where w˙0 ∈ NG(T )F is a
representative of the longest element of the Weyl group NG(T )/T . Hence from 1.2.2, for
any z ∈ H 1(F,ZG), there exists x−z ∈
∑
α∈Π G−α which is in the Ad(GF )-orbit of xz.
Let (µ,Ψ ) be as in 1.4. We define for each z ∈ H 1(F,ZG) an additive character
Xz :UF → Q× by:
Xz(x) = Ψ
(
µ
(−x−z , x))
for x ∈ UF . The characters Xz satisfy the following property:
Lemma 2.1.1. The characters Xz are Ad(UF )-invariant functions, i.e., Xz(Ad(u)x) =
Xz(x) for any u ∈ UF and x ∈ UF .
Proof. Since the form µ is Ad(UF )-invariant, the Ad(UF )-invariance of Xz will follow
from the following assertion: For any u ∈ UF and x ∈ UF , we have µ(Ad(u)x−z , x) =
µ(x−z , x). But, from the Chevalley relations [15, 2.2], we have
Ad(u)e−α ∈ e−α +B (1)
for any u ∈ U and e−α ∈ G−α with α ∈ Π , and from the Ad(G)-invariance of µ, the spaces
U and B are orthogonal with respect to µ. 
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automorphism τ leaves Π stable. If O is a τ -orbit of Π , we put UO =
∑
α∈O Gα .
Proposition 2.1.2. For z ∈ H 1(F,ZG), the character Xz is regular, that is,
(i) the restriction of Xz to (U∗)F is trivial,
(ii) the restriction of Xz to (UO)F is non-trivial for any τ -orbit O of Π .
Proof. From the Ad(G)-invariance of µ, it follows that the space Gα is orthogonal to
T ⊕⊕β =−α Gβ with respect to µ (see [15, 2.5.1]). It is thus clear that Xz satisfies (i).
Moreover, since µ is non-degenerate and since x−z is regular, we deduce that the Fq -linear
form (UO)F → Fq , y → µ(−x−z , y) is surjective for any τ -orbit O of Π . The character Ψ
being non-trivial, we deduce that Xz satisfies (ii). 
Definition 2.1.3. For each z ∈ H 1(F,ZG), we define a function Γ Gz ∈ C(GF ) by the for-
mula:
Γ Gz (x) = Ind GU (Xz)(x) :=
∣∣UF ∣∣−1 ∑
{g∈GF |Ad(g)x∈U}
Xz
(
Ad(g)x
)
for any x ∈ GF . The functions Γ Gz , with z ∈ H 1(F,ZG), are called the Gelfand–Graev
functions of GF .
The following lemma will not be used.
Lemma 2.1.4. The functions qdimBΓ Gz with z ∈ H 1(F,ZG), are Ad(GF )-invariant char-
acters of the abelian group GF .
Proof. We only need to prove that qdimBΓ Gz is a character of GF . If K is an algebraic
group endowed with a Frobenius endomorphism F :K → K and if H is an F -stable
subgroup of K , we denote by IndKH :C(HF ) → C(KF ) the usual induction [18] where
C(KF ) denotes the Q-vector space of Q-valued class functions on KF, and we denote
by ResKH :C(KF ) → C(HF ) the restriction of functions. We consider the semi-direct prod-
ucts U  U and G  G with respect to the adjoint action of G on G. Then we show easily
that:
ResGGG ◦ IndGGUU = qdimBInd GU ◦ ResUUU (1)
where Ind GU : C(UF ) → C(GF ) is the induction of 2.1.3, and where we identified G with a
subgroup of GG via x → (x,1). Define X˜z : UF UF → Q by X˜z(v,u) =Xz(v). Since
Xz is Ad(UF )-invariant, the map X˜z is a linear character of UF  UF . Hence, by (1), we
get that qdimBΓ Gz is the restriction to GF of the character IndGG(X˜z) of GF  GF . UU
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XUz :UF → Q× be the map defined by
XUz =Xz ◦ logG .
The functions XUz , with z ∈ H 1(F,ZG), are one-dimensional characters of UF . Indeed, if
x, y ∈ UF , then from 1.3.2, we have
logG(xy) = logG(x)+ logG(y)+ t
with t ∈∑i2 LiX where X = {x, y}. From the Chevalley relations [15, 2.2] we have
∑
i2
LiX ⊂ U∗.
By 2.1.2(i), we thus deduce that XUz (xy) =XUz (x)XUz (y). Moreover the character XUz are
regular, i.e., they satisfy the group analogue of 2.1.2.
Definition 2.1.5. For each z ∈ H 1(F,ZG), we define a character Γ Gz of GF by the formula:
Γ Gz (x) = IndGU
(XUz )(x) :=
∣∣UF ∣∣−1 ∑
{g∈GF |gxg−1∈U}
XUz
(
gxg−1
)
for any x ∈ GF . The characters Γ Gz , with z ∈ H 1(F,ZG), are called the Gelfand–Graev
characters of GF .
Remark 2.1.6. By 1.3.1(iv), the restriction of logG to U defines an isomorphism
logU :U → U . Let ˜logG :G → Gnil be the extension of logG by zero on G − Guni. From
the G-equivariance of logG we have
IndGU(f ◦ logU) = Ind GU (f ) ◦ ˜logG
for any function f : UF → Q. Hence Γ Gz = Γ Gz ◦ ˜logG.
Let L be an F -stable Levi subgroup of G and let hL :H 1(F,ZG) → H 1(F,ZL) be the
surjective map induced by ZG ⊂ ZL. We denote by ∗RGL the Deligne–Lusztig restriction
of characters of GF to LF [9, Chapter 12].
Theorem 2.1.7. Assume that q > q0. There exists a unique map φGL : Regn(GF ) →
Regn(LF ) such that if we parametrize the set Regn(LF ) by setting that the Ad(LF )-orbit
of φGL(OG
F
x1 ) corresponds to 1 ∈ H 1(F,ZL), and if Γ Lz and Γ Lz are the Gelfand–Graev
functions with respect to this parametrization, then we have ∗RGL (Γ Gz ) = GLΓ Lz and
∗RG (Γ Gz ) = GLΓ Lz for any z ∈ H 1(F,ZG).L
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proved in the same way using the results of [15]), and from the relations:
(i) ∗RGL (f ◦ ˜logG) = ∗RGL(f ) ◦ ˜logL for any f ∈ C(GF ),
(ii) Γ Gz = Γ Gz ◦ ˜logG. 
2.2. The Kostant–Slodowy map
We keep the notations and assumptions of 2.1.
2.2.1. Let e− be a regular nilpotent element of G such that e− ∈⊕α∈Π G−α and put
S = e− + B. We have the following result which is a variant of a known result due to
Kostant in characteristic zero and to Slodowy if p > 3(hG0 − 1).
Theorem 2.2.2.
(i) The space S consists of regular elements.
(ii) The unipotent radical U of B acts freely on S .
(iii) The intersection of S with any regular Ad(G)-orbit of G is a single Ad(U)-orbit.
(iv) If e− is F -stable, then any F -stable regular Ad(G)-orbit of G contains exactly one
Ad(GF )-orbit of GF which intersects S .
Proof. The first assertion is [11, Lemma 10]; it is proved in characteristic zero but the
proof remains valid in positive characteristic. Let e+ ∈ U , h ∈ T be such that (e−, h, e+)
is an sl2-triple, i.e., such that [h, e+] = 2e+, [h, e−] = −2e− and [e−, e+] = h. Put Σ =
e− + CG(e+). Since e+ ∈ B is regular, the space CG(e+) is a subspace of B and so by (1)
in the proof of 2.1.1, the map φ :U × Σ → S given by the adjoint action is well defined
and from [17, 2.2] it is a bijection.
Let χ :G → (G/G)ss be the Steinberg map, where (G/G)ss is the affine variety whose
points are the semi-simple Ad(G)-orbits of G and χ is the morphism mapping x ∈ G
onto OGxs . From [20, 7.4, Corollary 2], the restriction of χ to Σ induces a bijection from
Σ onto (G/G)ss; in fact, this result of [20] has been proved in the case where G is simple
adjoint, but the general case (i.e., G is reductive) reduces easily to the simple adjoint case.
On the other hand the map f : (G/G)reg → (G/G)ss, where (G/G)reg denotes the set of
regular Ad(G)-orbits of G and f maps OGx onto OGxs , is known to be a bijection [23, III,
1.9]. It follows that the map Σ → (G/G)reg, x →OGx , is also bijective. As a consequence,
we get that:
2.2.3. The intersection of the affine space Σ with any regular Ad(G)-orbit of G is a single
point.
We are now in position to prove the assertions (ii), (iii) and (iv). We first show that
U acts freely on S , i.e., that the centralizer in U of any element of S is trivial. Let x ∈
S and let u ∈ CU(x). Since φ :U × Σ → S is surjective, there exists (v, y) ∈ U × Σ
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injective we have u = 1. We now prove (iii). Let x be an regular elements of G and z be
the unique element of Σ ∩OGx (see 2.2.3). If y ∈ S ∩OGx , there exists (u, y′) ∈ U × Σ
such that Ad(u)y′ = y and so y′ ∈ OGx ∩ Σ = {z}. We thus have S ∩OGx ⊂ OUz , that is,
S ∩ OGx = OUz since the opposite inclusion is immediate. It remains to prove (iv). The
unicity is a consequence of (i) and (iii); indeed by (iii) any two F -stable elements x and
y of S which are Ad(G)-conjugate are conjugate by an element u ∈ U and from (ii) the
element u is necessarily F -stable. The existence follows also from (ii) and (iii); indeed the
intersection of an F -stable regular Ad(G)-orbit of G with S is an F -stable Ad(U)-orbit of
S and so has F -stable elements since by (ii) it is isomorphic to U (and so it is an affine
space). 
Remark 2.2.4. The assertion 2.2.3 was proved first by Kostant in characteristic zero [11].
2.2.5. We are now in position to define the Kostant–Slodowy’s map Regn(GF ) →
Regn(LF ). By 1.1.1(iii), there exists σ ∈ z(L) such that L = CG(σ); we assume that q
is large enough so that σ can be taken rational (see [15, 2.6.17] for an explicit bound on q).
Let CL be the regular nilpotent Ad(L)-orbit of L and let CGσ be the unique Ad(G)-orbit of
G containing σ +CL; the orbit CGσ is also regular.
Let O ∈ Regn(GF ), there exists an element z ∈ H 1(F,ZG) such that O =OGFxz . Put
Sz = x−z +B.
The regular orbit CGσ being F -stable, from 2.2.2 there exists a unique Ad(GF )-orbit of GF
contained in CGσ which intersects Sz. Since CG(σ) is connected, there is an element y of
that Ad(GF )-orbit whose semi-simple part is σ . We put
resGL,σ (O) =OL
F
yn
.
We have the following result:
Theorem 2.2.6. Assume that q > q0. The map resGL,σ coincides with the map φ
G
L given by
2.1.7 (and therefore does not depend on σ ).
Proof. Let z ∈ H 1(F,ZG). From [13,17, 2.4,4.1] we have
FG(Γ Gz )=
∣∣GF ∣∣− 12 ∑
O∈Orb(GF )
c(O)|Sz ∩O|ξGO (1)
where Orb(GF ) denotes the set of Ad(GF )-orbits of GF , where c(O) = |GF |/|O|, and
where ξGO is the characteristic function of O, i.e., ξGO(x) = 1 if x ∈ O and ξGO(x) = 0
otherwise. Put Az = {O ∈ Orb(GF ) |O ∩ Sz = ∅}. By 2.2.2, the formula (1) becomes
FG(Γ Gz )= q− dimT2
∑
c(O)ξGO . (2)
O∈Az
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contained in the same Ad(G)-orbit of G if and only if O =O′. In particular the orbit OGFxz
is the unique nilpotent orbit of GF which supports FG(Γ Gz ).
Take z = 1 and let σ ∈ z(L)F be such that CG(σ) = L. Let Γ L1 be the Gelfand–Graev
function GL∗RGL(Γ G1 ). The nilpotent orbit φGL(OG
F
x1 ) being the unique nilpotent orbit of
LF supporting FL(Γ L1 ), to prove the theorem it is enough to prove that FL(Γ L1 ) does not
vanish on resGL,σ (OG
F
x1 ).
Let yn ∈ resGL,σ (OG
F
x1 ), then OG
F
σ+yn ∩ Sz = ∅ and so (FG(Γ G1 ), ξGσ+yn)GF = 0. On the
other hand, from [14, 2.3.9] we have
(FG(Γ G1
)
, ξGσ+yn
)
GF =
(FG(Γ G1
)
,RGL
(
ξLσ+yn
))
GF .
Since FG is an isometry with respect to ( , )GF and since (FG)4 = IdC(GF ), we get that
(FG(Γ G1
)
, ξGσ+yn
)
GF =
(
Γ G1 ,
(FG)3 ◦RGL
(
ξLσ+yn
))
GF .
The element σ + yn being a regular element of L, we can apply 1.4.5 and we have
(FG(Γ G1
)
, ξGσ+yn
)
GF = GL
(
Γ G1 ,RGL ◦
(FL)3(ξLσ+yn
))
GF .
By adjunction we deduce that
(FG(Γ G1
)
, ξGσ+yn
)
GF = GL
(∗RGL
(
Γ G1
)
,
(FL)3(ξLσ+yn
))
LF .
Applying FL we get that
(FG(Γ G1
)
, ξGσ+yn
)
GF = GL
(FL ◦ ∗RGL
(
Γ G1
)
, ξLσ+yn
)
LF =
(FL(Γ L1
)
, ξLσ+yn
)
LF . (3)
We have (FL(Γ L1 ), ξLσ+yn)LF = |CL(yn)F |FL(Γ L1 )(σ + yn). Since σ is central in L, it
belongs to the Lie algebra of any Borel subgroup of L, hence from (2) applied to Γ L1 ,
we get that FL(Γ L1 )(σ + yn) =FL(Γ L1 )(yn). The left-hand side of the identity (3) being
non-zero, we deduce that the term FL(Γ L1 )(yn) is also not equal to zero. 
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